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New Method for Constraints Violation Suppression
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RAFAEL, Ministry of Defense, 31021 Haifa, Israel
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The problem of constraints violation associated with numerical integration of dynamical equations of motion
subject to constraints is dealt with. A new method for the suppression of constraints violation is presented. The
method involves the definition of old constraints and of new constraints, the removal of the old constraints and
the imposition of the new constraints, and the evaluation, after each integration step, of changes in the integration
variables resulting from the removal-imposition process. The method is shown to be superior to the classical
Baumgarte’s method for constraints violation suppression in three aspects. First, the constraint violation measure
number, a quantity defined herein, is smaller. Second, the constraint violation measure number stabilizes after
the first integration step and does not degrade with time. Finally, the new method makes the process of trial and
error, required by Baumgarte’s method for the determination of integration constants, unnecessary. The method
is discussed in connection with holonomic and simple nonholonomic constraints.

Introduction

ONSTRAINT violationis a long-standing problem associated
with numerical integration of ordinary differential equations
subject to constraints. Numerous investigations have been carried
out in an attempt to alleviate the problem. References 1-6 form
a nonexhaustive list of such attempts, which become even more
cumbersome because differentresearchersuse differentintegrators.
For systems subject to m constraints, Baumgarte' proposes the
replacement of the sth constraint equation ¢, =0(s=1,...,m)
with 8¢, + 2,4, + B2¢s =0, where §;, a;, and B, are constants.
For holonomicconstraints§; = 1, ¢, = ¢, (g, t), and for simple non-
holonomic constraintsd; =0, ¢s =, (q, 4, t). Baurngarte2 extends
his method for holonomic constraints and recommends the replace-
ment of ¢, =0 with ¢, + 20,5 + B2 f ¢, df = 0in connection with
motion equations using generalized coordinates and generalized
momenta as variables. Rosen and Edelstien® extend Baumgarte’s
idea. They apply the variational principle to a Lagrangian includ-
ing 8;¢5 + 20505 + ﬁf([)x and obtain modified sets of Lagrange’s
equations in addition to the modified constraintequations. Park and
Chiou* replace ¢, = 0 with the penalty form of the constraintequa-
tions ¢, = eA, (where e is an arbitrarily small constant and A; is
the sth Lagrange multiplier) and solve the motion equations to-
gether with d(¢, = eA,)/dr. Kurdila et al.®> extend Park’s idea for
holonomic systems, introducing the penalized potential and kinetic
energies. These are defined ¢7 B¢/2 and ¢ a¢p/2, respectively,
where # and « are constant m X m positive definite matrices and
¢ =191, ..., ¢,|",and,in the contextof Lagrange’s equations,aug-
ment the Lagrangian accordingly. Kurdila et al. prove convergence
and stability of the method for certain classes of problems. Bayo
et al.® take an approach similar to the one in Ref. 5; however, they
suggest a formulation applicable to nonholonomic systems as well.
Moreover, they develop an iterative procedure to obtain conver-
gence, irrespective of the values of § and «.

All of these methodsinvolvemodified constraintsand/or modified
motion equations. Moreover, they involve the empirical determina-
tion of certain constants affecting the constraint violation measure
number, a quantity defined in the sequel. Here, a new method for
the suppression of constraint violation is introduced, leaving the
motion equation as well as the constraint equations intact. The un-
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derlying idea of the new method can be discussed with the aid of
the following example.

Consider a planar system comprising an elastic, uniform beam
B of length L moving over supports represented by points S and S
fixed in N, a Newtonian reference frame, as shown in Fig. 1. Let P
and P _be points of the neutral axis of B instantaneously in contact
with § and S, respectively; suppose that B is made to move over
S and S by means of an actuator fixed to S and applying a driving
forceto B at P.

A computer code based on equations governing motions of B was
constructed and used in conjunction with a Cutta-Merson variable
step integrator to simulate motions of B. The distances z(0) and
zZ(L) of B and B (the endpoints of B) from U, i.e., the line passing
through S and y (Fig. 1), were recorded for a motion starting from
rest with B coinciding with S. Figure 2 shows z(0) as a function of
time, indicating that z(0) fails to converge to zero, in contradiction
to that expected when B coincides with S. )

_The convergence failure can be examined with the aid of b%, and
bP unit vectors perpendicular to the neutral axis of the beam at P
and P,and"y” and Vv’ the velocitiesof P and P in N, respectively.
Ideally, the motion of B proceeds such that

P bk =0, NyP . Bl =0
However, evaluating the associated scalar functions in connection
with numerical integration of the motion equations, one finds that

Ny B =, VyP L pP =¥
and that V and V become larger with time, indicating constraints
violation.

Now, consider the following idea: The constraints in the sec-
ond set of equations, called old constraints, are removed, and the
constraints in the first set of equations, called new constraints, are
imposed after each integration step. Furthermore, changes in the
generalized speeds, the integration variables, resulting from con-
straintsimpositionremoval are evaluated after each integrationstep.
Applying this idea to the problem at hand one obtains Fig. 3, show-
ing convergence of z(0) to zero. In accordance with this idea, a
new method for constraint violation suppressionis set forth, merg-
ing Kane’s equation for constrained systems’ with the theory of
imposition removal of constraints® It is the purpose of this work
to present the theory underlying the new method and apply it to a
number of examples.

This paper is organized as follows. The main results of the theory
of imposition and removal of constraints are reported in the follow-
ing section. The new method is developed next, culminating in a
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Fig.2 Endpointselastic de-
flection with z(0) nonconver-
gence.

Fig.3 Endpointselastic de-
flection with z(0) conver-
gence (new algorithm).

z(0), (L) [mm]

set of linear, algebraic equations used to update the integration vari-
ables. The new method and Baumgarte’s methodsare applied to sys-
tems subject to holonomic and simple nonholonomic constraints,
including the system shown in Fig. 1. A short discussion of both
methods conclude the work.

New Method

Theory of Imposition Removal of Constraints: Main Results

The idea of imposition of constraints’ comes to light in connec-
tion with a system S of v particles P; (i =1, ..., v) of mass m; pos-
sessing i generalized coordinates gy, ..., q; and n (where n < n)
generalized speeds uy, ..., u, in N, a Newtonian reference frame,
undergoing three phases of motion, as follows. Phase A occurs in
the time interval 0 < t < #,. The motion of S in N is defined as
unconstrained and governed by n dynamical equations, namely,

F,+F =0 r=1,....n) (1)

where F, and F are the rth generalized active force and the rth
generalized inertia force, respectively. Phase B, a transition phase,
occurs in the time interval #;, < t < 1,, where t, — 1, is infinitely
small, e.g., compared to time constants related to the motion of S.
Then m constraints of the form

P
U = chrur + Dy

r=1

(k=p+1,...,n) 2)

are imposed on S, where
p=n—m (3)

and Cy, and Dy, are functionsof gy, ..., g; and time ¢. In this phase,

the configuration of S in N remains unaltered, that is,
qr(t2)=qr(tl) r=1,...,n) “4)

and the number of independent, generalizedspeeds is reduced from

nto p. Therelationsbetweenu, () (k= p+1, ..., n), the valuesof
thedependentgeneralizedspeedsatt =f,,andu, (%) (r=1, ..., p),

the values of the independentgeneralized speeds att =t,, are given
by

P
up(ty) = Z Cirur(2) + Dy

r=1

(k=p+1,....,n) (5

Additionally, if the magnitudes of the active forces contributing to
Eqgs. (1) are all bounded, and if particles of S exert contact forces
on one another and possibly on particles belonging to Rp, a set of
rigid bodies with motion unaffected by the forces exerted on them
by particles of S, then the relations between u,(f;) (s=1,...,n)
and u,(t;) (s =1, ...,n) are given by

Z (mm' + Z Ckrmk,s) [ux(tZ) - ux(tl)] =0
s=1 k=p+1
r=1,...,p) (6)

Here m,, the element in row 7, column s of the mass matrix asso-
ciated with Egs. (1), is defined:

. avfi gyt
rs = - i 7
M Zl:m ou, Juy ™
where v’ is the velocity of P; in N. These m + p relations be-
tween u, (t,) and u,(¢,) (s =1, ..., n) enable the evaluation of the
former, given the latter, with C;,, Dy, and m,, (k=p +1,...,n;
r,s =1,...,n) calculated at t =t¢,. Phase C occurs when ¢ > t,.

Then the motion of S in N is defined as constrained and governed
by p dynamical equations, namely,

F+F+ Y G (R+F)=0

k=p+1

r=1,...,p) ®)

Equations (8) are called Kane’s equations of motion for constrained
systems.

Removal of constraints occurs when the order of phases A, B,
and C is reversed. The constrained phase (now called phase A), the
transition, removal phase (phase B), and the unconstrained phase
(now called phase C) occur when 0 < t < t,t; <t < t,, and
t > t,, and they are governed by Egs. (8) and (2), (4-6), and (1),
respectively, with f; replacing t, in Egs. (5). If Egs. (5) are satisfied
both at ¢; and at t,, then

uy(t) = u, () (r=1,...,n ©)

Constraint Violation
Let

4= Auu +B, r=1,...,7) (10)
s=1
be the kinematical equations associated with the motion of S in
phase A [Eqgs. (1)]. Let

P
=Y X.u +Y, =10 (11

s=1

be the kinematical equations associated with the motion of S in
phase C [Egs. (8)], where A,,, B, (r=1,...,n;s=1,...,n),and
X, Y. (r=1,...,n;s = 1,..., p) are functions of ¢, ..., ¢g;
andt. Equations (11) are obtainedfrom Eqs. (10)ifu,, 4, ..., u, are
eliminated with the aid of Egs. (2). Moreover, if the time derivatives
of both sides of Egs. (2) are taken, then

p
uk = Z(Ckrur + Ckrur) + Dk

r=1

k=p+1,...,n) (12

Finally, define V, (k=p+1,...,n), called constraint violation
measure number (CVMN), as

4
Vkéuk—(ZCk,u,—i—Dk) k=p+1,...,n) (13)

r=1
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IfV,=0(k=p+1,...,n) throughoutthe integration, the system
is said to be free of constraints violation. Otherwise, the motion
constraints are violated and V; (k=p + 1, ..., n) can be regarded
as a measure of the constraint violation.

Next, consider the following approaches to the construction of
equations governing motions of constrained systems.

1) The fact that the motion is constrained is temporarily disre-
garded, and n dynamical equations, namely, Egs. (1), are formed,
with i, ..., u, as unknowns. Moreover, Egs. (2) and then Egs. (12)
are generatedand used to eliminated, 1, ..., i, andu,, ..., u,
from Egs. (1). The resulting equations are then recombined, as in
Eqgs. (8), and solved in conjunction with Eqs. (11) for uy, ..., u,
and ¢y, ..., q;. Alternatively, the same set of equations can be
obtained as follows. Expressions for velocities and angular ve-
locities of points and of reference frames of interest are formed
in terms of u,, ..., u,. Constraint equations are then formed and
solvedforu, 1, ..., u,, as in Egs. (2). These are used to eliminate
Upyii, ..., u, fromthe indicated expressions.From here on, Kane’s
equations (Ref. 9, Sec. 6.1) are used to form p dynamical equations
in p unknowns i, ..., u,, and these, together with Eqs. (11), are
solved foru;,...,up, qi, ..., qs.

2) As before, the fact that the motion is constrained is temporar-
ily disregarded;n dynamical equations,namely Egs. (1), are formed
with @y, ..., u, as unknowns, and Egs. (2) and Egs. (12) are gener-
ated. Equations (1) are then reassembled as in Egs. (8) and solved,
together with Eqs. (12) and (10) foru,, ..., u, and gy, ..., q;.

Numerical errors associated with the integration of Egs. (8) and
(11) (first approach) or Egs. (8), (10), and (12) (second approach)
may lead to constraints violation, namely, to V, # 0(k=p +
1,...,n). A new method for constraint violation suppression re-
lated to the second approach is discussed next.

New Method
Supposethat, in the contextof the second approach,an integration
step has been completed at time #; and that V, (k=p + 1,...,n)

were evaluated and found to be different from zero. Then

P
up = chrur + Dy + Vi

r=1

(k=p+1,....,n) (14)

[see Egs. (2)] are the constraint equations valid from #; on. These
are called old constraint equations and imply that the values of
u, (k=p+1,...,n)usedinthe nextintegrationstep do not satisfy
the exact constraint equations. The latter are given by Egs. (2),
namely,

p
= ch,u, + Dy

r=1

k=p+1,....n) (15)

andare callednew constraintequations. Thus, a desirablestep would
be to remove the old constraints in Egs. (14), and impose the new
constraints given by Egs. (15). The removal of constraints leaves
the values of integration variables intact, as indicated by Egs. (9).
However, imposition of constraints is accompanied, in general, by
an instantaneous change in the values of the generalized speeds.
These changes can be evaluated with the aid of Egs. (6) as follows.

Suppose F, + F*(r=1,...,n) have been formulated for S,
which is temporarily regarded as undergoing an unconstrained mo-
tion. Then, in view of Egs. (1), (2), and (8), the equations governing
the motion of S in N from #; on are given by

n

Y )

k=p+1

o

(F,+F)) =0 (r=1,...,p)

(16)

where the superscript O indicates that, in the context of numerical
integration of these equations, the values of generalized speeds sat-
isfying Egs. (14), the old constraintequations, are used. Moreover,

old  constraints unconstrained  constraints new

set removal motion imposition set
(16) (18) 19
(14) (13
20 21 (22), (23)
< (23), (24) >|
| | | |
| PR A [ A 15

Fig.4 Equations describing the state of affairs at end of each Az.

suppose that three points in time ¢, ¢”, and £, are introduced such
that

h<t <t <t a7

as shown in Fig. 4, where t' — t;,t” — ¢, and t, — t” are infinitely
small. Finally, assume that the constraintsin Egs. (14) are removed
between f; and t’, that between ¢’ and ¢” the motion of S in N is
unconstrained and, hence, governed by the equations

F,+F' =0 r=1,...,n) (18)

and that between t” and t, the constraintsin Eqs. (15) are imposed
on S. This means that after #, the governing equations are

n

Y )

k=p+1

N

=0 (r=1,...,p)

(19)

( + )

where valuesof u, (k=p+1,...,n) satisfying Egs. (15), the new
constraint equations, are used, hence the superscript V.

Letting Eqs. (16), (18), and (14) play the roles of Egs. (8), (1),
and (2), respectively,in connection with the removal of constraints
occurring between f; and ', one may conclude in view of Egs. (9)
that

u(t')y = u,(t;) r=1,...,n (20)

where ¢’ plays the role of #, in Eq. (9). Next, Egs. (18) have to be
integrated from ¢’ to t”. However, t” — t' is infinitely small, so that
Eqgs. (18) need not be actually integrated, and

u (t") = u.(t")

Furthermore, Egs. (18), (19), and (15) play the role of Egs. (1), (8),
and (2) in connection with the imposition of constraints occurring
betweent” and f,. It may be concluded, in view of Egs. (6) and (5),
that

r=1,...,n) 2n

> (m + Y Ckrmks)[us(tz) —u ()] =0

s=1 k=p+1
r=1,...,p) (22)

P
up(h) = chrur(tZ) + Dy

r=1

k=p+1,....,n) (23)

where " in Eq. (22) plays the role to #, in Eq. (6). Equations (20),
(21), and (22) can be replaced with

Z (mrs + Z Ckrmk,s> [us(tZ) — U (tl)] =0
s=1 k=p+1
r=1,....,p) 24

These, together with Egs. (23), form a set of linear, algebraic equa-
tions, which, in connection with the new method, are solved for
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ui(ty), ..., u,(t) in terms of u(ty), ..., u,(t;) after each integra-
tion step. Thus, u;(%;), . .., u,(t;) are the values of the generalized
speeds used at the next integration step.

Examples and Discussion

Of all available methods for constraints violation suppression,
Baumgarte’s method is the most widely used both in actual appli-
cation'™!! and as a referenced method >*© Used here as a reference,
the method involvesthe replacementof Egs. (12) with the following
equations:

Vk+2aka+ﬁf/det=0 (k=p+1,...,n) (25
where o, and B, (k=p + 1, ..., n) are constants, as indicated in
the Introduction.

Consider, for example, a planar, four-bar mechanism comprising
uniform links A, B, C, and D (the latter is fixed in N), of lengths
Iy, g, lc, and [p, respectively, and equal mass per unit length p.
Suppose g1, g2, and g; are angles describingthe oriqntationofA, B,
and Cin N, as shownin Fig. 5. Furthermore, let NyC be the velocity
in N of C, an endpointof C, noting that the motion proceeds so that
NyC =0 and suppose that the constraints that force v to vanish
are temporarily removed. Then g, ¢,, and g3 become independent,
and three motion equations can be written, the first being

—3.33Ju, — 4J cos(q; — gx)ur — 0.5J cos(q, — q3)u3
— 0.5/ [sin(q, — g3)u3 + 8sin(q, — g)u3] =0 (26)

where u, =q, (r=1,2,3),J =pl’,andl, =1,15 =2I,lc =1, and
Ip =3l. Substitutions in Yv¢ =0 lead to two constraint equations,
which, if cast in the form of Egs. (2), read

u, = Chuy, G = M 27
2sin(g2 — ¢3)
s = Cuy, CILM (28)

37 sin(g, — g3)

One can use Egs. (8) with n =3, m =2, and p =1 to generate the
governing dynamical equation, and integrate this equation together
with the equations

u, = Crlul + Crlur

obtained from Egs. (27) and (28).

Let /=0.2 m and p =5 kg/m and consider a simulation start-
ing with ¢, =60, ¢, =0, g3 = —60 deg, and u; = —0.1 rad/s. Under
these circumstances Vo, = V3 = 10~* after 1000 s, whereas ini-
tially V,(0) = V5(0) = 1078, It should be noted that each of
q1 — 92, 91 — q3, and g» — g3 vanish every 30 s, a fact under-
lying the deterioration in the CVMNs. Baumgarte’s method with
o=, =—0.2 and B; =B, =0 leads to a slight improvement,
namely, to V, = V3 = 107°. (Numerical experiments show that
Bi and B, # 0 increase the CVMNS.)

The new method requires the updatingof u |, u,, and u3 aftereach
integration step, as follows:

(r=2,3) (29)

3
mrur(tl)

) =
() Zml + Cyymy + C3ymy

r=1

m, = my, + Cymy, + C3yms, (30)

u, () = Cpu,(f) (r=2,3)

Fig.5 Four-bar linkage and a tricycle.

obtainedby substitutionsin Egs. (23) and (24) (forn =3 and p = 1),
where m, (r, s =1, 2, 3) are the elements of the mass matrix asso-
ciated with Eq. (26) and C,; and Cj, are as in Eqs. (27) and (28).
One then has V, = V5 = 1078 throughout the motion. It is worth
looking at the functions f; =1, cos(q;) + Ip cos(q,) + ¢ cos(qs)
and f, =KE(uy, u,, us, q1, 4>, q3). The former equals [, and the
latter composes the kinetic energy of the system. Here [, = 0.6 m
and KE(0) =4.8 x 10~ N-m, and f, and f, are supposed to
equal [, and KE(0), respectively, throughout the integration. How-
ever, constraint violation leads, after 1000 s, to f; =0.5827 m and
f2=4.490 x 10~* N-m. Baumgarte’s method yields f; =0.5914 m
and f, =4.647 x 10~* N-m, whereas the new method results in
f1=0.5999997 m and f> =4.79995 x 10~* N-m. One may con-
clude that, although the new method updates only motion variables,
i.e., generalized speeds, the CVMNs are small enough to prevent
significant errors in configuration variables, i.e., generalized coor-
dinates.

Note that the elimination of u, and u; (first approach) leads to
fi = 0.6mand f, = 2.639x 10~* N-m, resultsindicatingconstraint
violation.

Consider next the tricycle S shown in Fig. 5, whose motion pro-
ceeds in a plane perpendicularto a unit vector rn; and involves non-
holonomic constraints. The tricycle consists of body A of mass m 4
and centralmoment of inertia /, for n;, and three massless wheels B,
C,and D.Ifu, (r =1, 2, 3) are defined suchthat ¥ vA" = u,a, +u.a,
and ¥ @ = u;n;, where A* is the mass center of A, and ¥v4" and
N are the velocity of A* in N and the angular velocity of A in N,
then the equations of motion of S are

ma(—uy +usuz) + F =0
(31

ma(uy +uiuz) =0, —Lyu; =0
if the motion is unconstrained, where F' =F - a,, F being the force
applied at A. Now, suppose that the interaction between the wheels
and the ground does not allow side slip of the wheels. Then

NyA . g, =0, NyA d, =0 (32)
where A and A are points of A, and n;, a;, and d; (i =1, 2, 3) are
three sets of dextral, mutually perpendicularunit vectorsfixed in N,
A, and D, respectively,as shown in Fig. 5. Expressing ™ v* and Vv#
in terms of u, (r =1, 2, 3), one obtains, using Egs. (32),

u, = Cuy, G, =0.5tan(qy)

(33)

. 0.5tan
us = Csju, C31=#

where ¢ is the angle shown in Fig. 5 and L is the distance from Ato
A. Substitutionsin Egs. (8) giverise to a governingequation (p = 1),
which can be integrated without appreciable constraint violation if
u, (r=1,2,3) satisfy Egs. (33) at r =0. Suppose, however, that
u(0)=59.70 m/s, u,(0) =6.1 m/s, and u3(0) =6.1 rad/s, values
that, with g, =0.1984 rad, slightly violate Egs. (33). Integration
of the indicated equations with L=1m, F =10 N, m, =0.01 kg,
and I, =0.25 kg-m2 revealsthat V, = V3 =0.09881 throughoutthe
motion. Use of Baumgarte’s procedure with a; =500 and a3 =5
lead, after 120s,to V, = 107% and V5 = 10~

As before, the new method involves the updating of u, (r =
1,2, 3) after each integration step. Here, n =3, m =2, and p=1;
hence, Egs. (30) are valid and, written explicitly, read

my + Coymauy (1)) + Cay L us(th)
(my + Cyymy + C311,)

ui(h) =

(34)

Uz (ty) = Coruy(t), uz(t) = Csui(t2)

With these one obtains V, = V; = 1073, Moreover, with Baum-
garte’s procedure it takes 4 s (simulated time) to reach the indicated
values of the CVMNSs, whereas with the new proceduretheindicated
values are obtained from the start. Finally, the simulation runtime is
10 s with the new method as compared with 30 s with Baumgarte’s
method.
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“ S
Qys3 _ s n

Fig. 6 Beam in an unconstrained motion.

Last, considerFig. 6, which shows the beam of Fig. 1 in detailinits
unconstrainedconfiguration. The motion of the beam is constrained
ina manner that can be described as follows. Let /5 be a straightline
tangentto the neutral axis of B at B atall times. Let A be a reference
frame and a,, a,, and a3 be three dextral, mutually perpendicular
unit vectors fixed in A and oriented so thata, is parallelto /5, and let
a; and a, be parallel to the plane in which B moves. Accordingly,
B is fixed in A and, if n, n,, and n; are three dextral, mutually
perpendicular unit vectors fixed in N, then A is oriented in N so
that the angle between a; and n, is g, ; 3, as shown in Fig. 6, where
v is a number to be defined presently. _ _ R

Now p8? and p®”, the position vectors from B to P and P,
respectively, are given by

p" = —D)a, +y(x — D)ay, p?’ =xa,+y(a, (35)
where y(x) and y(x — D) are the elastic deflections at P and 13,
respectively.Moreover, the assumed mode method makesit possible
to describe the elastic deformation of B at P as

Y =Y ¢ (0)q; (1) (36)

j=1

Here, ¢, (x) is a function of x called the jth modal function, g, ()
is a function of time ¢ called the jth modal coordinate,and v is the
number of modes used to describe y(x). One may associate with
the unconstrained motion of S in N generalized speeds defined as
follows:

(37
N B

~ I\N A
Uy, ="v"-n,, Uyr3="w" - N3 r=1,2)

where ¥vB and V! are, respectively, the velocity of B in N and
the angular velocity of B in N. Hence,

N N

B A
Vo =y + Uy 0N, " = Uy4303 (38)

Y@ =Yy (u; (), Y =Y gime ) (39)

j=1 j=1

where (') and ()’ indicate differentiation with respect to ¢ and x,
respectively.If ¢, + | and g, . » are the Cartesian coordinates of B in
N, and q, , ; is the angle between a; and n|, then

(r=12,3) (40)

Qo+r = Uyyr

The velocities of P and P in N can be expressed, in view of
Eqgs. (35) and (38), as

NP = Uy My + Uiy +[(X — D)uyy s+ y(x — D)la,

—y(x — D)u,,3a, (41)

NV}S = Uy iy Uy ol + XUy s+ Y(0)]ay — y(uy yza; (42)

If, in addition,bﬁ and bf, are expressed as

bﬁ = —sin[y'(x — D)]a, + cos[y’'(x — D)la, (43)
b’ = —sin[y'(x)la; + cos[y’(x)]as (44)

then substitutions from Egs. (41-44) and (39) in the first set of
equations displayed in the Introduction lead to two equations,
linear in u, (r=1,...,v + 3), which can be solved for u,
and u, ;3. Furthermore, if one regards u,,, and u, 3 as func-
tions of ¢, (r=1,...,v+3) and u, (r=1,...,v+ 1), and lin-
earizesu, ,andu,,3ing, andu, (r =1,...,v) aboutg, =u, =0
(r=1,...,v), then one obtains

P Xv: [x¢;(x = D) = (x = D)op; (%) ]u;

D cosd, 5

[xy'(x = D) — (x = D)y’ (x)]
Dcos?q, 13

+{tanqv+3+ }uv-H (45)

Uyys = 2”: [¢;(x — D) — ¢;(x)]u; _ '(&x—=D) =y x)]uy4q

= D Dcosq, 3

(46)

equations which are cast in the form of Egs. (2).

Completion of the kinematics of this problem involves the eval-
uation of x. To this end, one may regard x as the a; component of
the position vector from B to S and note that

ApP/S — )'cbf, bjT; = cos[y'(x)]a;, + sin[y’(x)]a, (47)

where b7 is a unit vector tangent to the neutral axis of B at 13A and
4yP/5 is the velocity of P relative to S in A. Because P and S co-
incide momentarily,p”, the position vector from P to S, vanishes.
One can next show that'? Vv* - bF 4+ % = 0. Writing this expression
explicitly and linearizing x in the same variables as before, one
arrives at

X = —Uys1COSqyr1 — Uyi28iNGy 41+ Y (X)(Uy 4 8inG, 1
—Uy42€08G, 1 1) + [Y(X) — Xy (X)]uy 43 (48)

Note that if x is defined as g, , 4 (and x as u, ), then Eq. (48) can
be regarded as an additional kinematical equation.

Next, F, + F* (r=1, ..., v + 3), associated with the motion of
B in N regarded as unconstrained, are generated. One may start
with the assumption that the elastic deformation of B is adequately
described by the Bernoulli-Euler beam theory, and consider the
contribution to F of dB, an element of B of length d§ whose
midpoint P is located at £a; + y(&)a, relative to B. The velocity
of P in N, ¥v”, given by an expression similar to Eq. (42), with
& replacing x, can be used to construct the requisite contributions
F* (r=1,...,v+ 3). These are functions of & and can be inte-
grated from O to L, yielding expressionsfor F* (r=1,...,v + 3)
for the entire beam. Expressions for F, (r =1, ..., v 4+ 3) include
contributionsfrom the following forces: 1) gravity forces, which, in
connection with dB, can be expressed as —p dé gn,, where p is the
mass per unitlength of B, and g is the gravitationalacceleration;2)
driving force F, exerted by S on P, and given by

F = Fb?! (49)

where F is a constant; and 3) elastic forces, which, for a uniform
beam, are associated with the following strain energy function,
namely,

1 - 244
EEJLquAj

j=1
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where EJ is the bending rigidity of B and A; is the eigenvalue
associated with ¢; (x) and g;. With E;, F;, and Z,, ..., Zs defined
as

L L
EjéL‘l/ b (&) dg, F,éL‘Z/ Ep;(§)dE
0 0

G=1....v)
(50)
72y 6 Lg;. L= Y ¢y Zs= Y Ejg;
j=1 j=1 j=1
Z4£ZE,'M,', Zséij'”j, Zséijg
j=1 j=1 j=1

one can show that F, + F* (r=1,...,v + 3) read

F; + F; = M[uv+1sv+3Ej — Uy 26 3E; — LFju, .3 —u;
+ul 3q; ] = EJLqX — ¢y o3 E;Mg + Fej(x)y (x)

G=1,...,v) (51)

. L L,
Foo o+ F =M|—-u, + 5”v+35v+3 + 5”v+3cv+3

v
+8u+3 § Ejuj+2uy36043Z4 + (uv+3cv+3

j=1
_”§+3Sv+3)z3i| + Fleyys — y'(x)sy43] (52)

L L
* _ . . 2
Fop+Ff ,= M|:—”v+2 - Euv+3cv+3 + U, 3843

2

v
—Cyy3 § Ejii;+2u, 38,1324 + (uv+3sv+3

j=1
+”§+3CU+3)Z.{| — Mg+ Fls,13+ Y (x)c,13] (53)

L2
= Uv+s

. L. L.
Foos+F ;=M 5”v+15v+3 - Euv+26v+3 - 3

v
—L E Fiuj +u, 164325 +tty 10804323 — 2uy 1375
=1

. L
—”v+3zsi| - Mg(ECvH - Sv+3z3>

+ Fl—y(x) +xy'(x)] (54)

where 5,3 = sing, 3, ¢, ;3= €08¢, 3, and M = pl. Moreover,
in accordance with the new method, Egs. (45) and (46) play
the role of Egs. (23) if u, (r=1,...,v + 3) are replaced with
u, () (r=1,...,v + 3), and the role of Egs. (24) is played by
the matrix equation obtained by substitutionin Eqgs. (24) of C, ;5 ;
andC, 43, (j=1,...,v+1), thecoefficientsof u ; in Eqs. (45) and
(46), and of m,, (r,s =1, ..., v+ 3) from Egs. (51-54) (Ref. 12).

Thus, u,(t,), ..., u,+3(t) can be evaluated.
Last, initial conditions must be determined. Here, a choice was
madeto let the motion startfromrest;thenu, (0)=0(r=1, ..., v+

3). Moreover, g,(0), ..., g,3(0) and F(0) are chosen to have val-
ues associatedwith the static deflection of B if acted upon by gravity
in the —n, direction. To obtain these values, one may take the fol-
lowing steps. First, substitute from Eqs. (51-54) and (45) and (46) in
Egs. (8),thensetu, =u, =0(r=1,...,v+3),andsolvethe v + 1
resulting equations together with the following three equations'?:

9y+1(0) = xo[cosa — c0sq, 1 3(0)] + y(xo, 0)sing, 4 3(0)  (55)

4v+2(0) = xo[sine —sing, 4 3(0)] — y(x0, 0)cos g, 13(0)  (56)

o — [y(x0, 0) — y(xo — D, 0)]

D (57)

qv+3(0) =

for q,(0),...,q,+3(0) and F(0).

One is now in a position to implement the new method in con-
junction with Egs. (51-54) and (45) and (46), used to construct
equations playing the role of Egs. (16), (23), (24), and (19). Sim-
ulating the motion of S with a code based on these equations
with the following numerical values: v=6, EJ =0.084 kg-m?,
M=0.036kg,L=1m, D=02m, o« =0.2rad, and F =0.36 kg,
and with u,(0)=0(=1,...,v + 3), one obtains Fig. 3 with
Vg = Vy = 107" throughout the motion (see Fig. 7). Disregarding
Eqgs. (23) and (24), on the other hand, one obtains Fig. 2. The asso-
ciated CVMNs deteriorates gradually and become Vg (¢,) = 10 and
Vo(ty) = 1073, t; being the time B coincides with S.

In connection with Baumgarte’s method, it should be noted that
constraint equations have been generated as if the constraints were
simple nonholonomic [and that, as a result of the linearizationlead-
ing to Egs. (45) and (46), there are no relations between the gener-
alized coordinates with a time derivative leading to these equations;
hence, B3 = By = 0]. Integrating Egs. (51-54) together with the time
derivatives of Egs. (45) and (46) and choosing ag =50,000 and
a9 = 5000, one obtains results closely resembling those in Fig. 3;
however, Vg(f;) = 107" and Vy(t;) = 1072 as shown in Fig. 7.
The CVMNs become larger with time and cannotbe reduced with a
different choice of g and g (values of these constants larger than
the ones indicated slow down the integration prohibitively).

It is finally worth noting that if the dependent variables are elim-
inated with the aid of the constraint equations, one obtains results
similar to those in Fig. 3.

In summary, the various examples show that the CVMNs asso-
ciated with the new method are always smaller than those obtained
with Baumgarte’s method. Moreover, the CVMNs stabilize after the
first integration step, remain stable throughout the integration, and
are small enough to allow no propagation of configuration errors.
No integrationconstantsand, hence, no trial-and-errorprocess is in-
volved. Such a process is required by each of the methods referred
to in the Introduction to determine values of integration constants.
Precisely the same formulation of the new method applies to both
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Fig.7 Constraints violation.
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holonomic and simple nonholonomic systems. Finally, the method
has no impact on the simulation efficiency, i.e., runtime.

Conclusions

A new method for constraints violation suppressionis presented
in connection with the numerical integration of motion equations
subjectto constraints. The method is based on a logical extension of
the discretization associated with numerical integration of the indi-
cated equations. The underlying idea is that at each integration step
violated, old constraints are removed and exact, new constraints are
imposed, and the associated change in the integration variables are
accountedfor. The method was applied to a number of examples and
was shown, in connection with these examples, to be superior to the
classical Baumgarte’s method. Future work involves a comparative
study of methods for constraint violation suppression when applied
to equations of motion of systems subject to holonomic and sim-
ple nonholonomic constraints, integrated by a variety of numerical
integrators.
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